Lorentz-invariant mass and entanglement of biphoton states by Vintskevich, S. V. et al.
ar
X
iv
:1
90
5.
03
45
9v
1 
 [q
ua
nt-
ph
]  
9 M
ay
 20
19
Lorentz-invariant mass and entanglement of biphoton states
S. V. Vintskevich1, D. A. Grigoriev1,2, M. V. Fedorov2,3∗
1Moscow Institute of Physics and Technology,
Institutskii Per. 9, Dolgoprudny,
Moscow Region 141700, Russia
2A.M. Prokhorov General Physics Institute,
Russian Academy of Science, Moscow, Russia
3National Research University Higher School of Economics,
20Myasnitskaya Ulitsa, Moscow, 101000, Russia
∗fedorovmv@gmail.com
The concept of the Lorentz-invariant mass of a group of particles is shown to be applicable to
biphoton states formed in the process of spontaneous parametric down conversion. The conditions
are found when the Lorentz-invariant mass is related directly with (proportional to) the Schmidt
parameter K ≫ 1 determining a high degree of entanglement of a biphoton state with respect to
transverse wave vectors of emitted photons.
1. INTRODUCTION
As known [1, 2], in the relativistic physics the mass
m of a group of particles is determined by the “energy-
mass-momentum” interrelation
m2c4 =
(∑
i
εi
)2
−
(∑
i
~pi
)2
c2 ≡ ε2tot − c2~p 2tot
≡ c2Ptot ·Ptot, (1)
where i numerates particles, εtot and ~ptot are the total
energy and momentum of the group, and Ptot is the total
4-momentum. Clearly, defined in this way, the mass m is
Lorentz-invariant, as the expression in the second line of
Equation (1) is proportional to the squared “length” of
the 4-momentum of the group, which is invariant with re-
spect to rotations in the 4-dimensional Minkowski space.
Moreover, as argued by L.B. Okun [2], Equation (1) pro-
vides the only reasonable definition of a mass “compati-
ble with the standard language of relativity theory”.
The definition of Equation (1) is valid both for par-
ticles with masses and for groups of massless particles,
photons. For a single photon with the energy ~ω and
momentum ~k = ~ω/c, Equation (1) gives immediately
msingle phot = 0, as it has to be. But for groups of pho-
tons the mass of a group can be different from zero if the
absolute value of the vectorial sum of momenta ~
∑
i
~ki
is less than ~
∑
i ωi/c. The simplest example of this kind
is a pair of noncollinear photons with equal frequencies ω
and some angle θ between directions of their wave vectors
(Figure 1), for which Equation 1) yields
m(θ) =
2~ω
c2
sin
(
θ
2
)
. (2)
At θ = 0 (the case b) propagation of photons is collinear
and the mass of the group equals zero. The mass m(θ)
is maximal at θ = π (the case c) and
mmax = m(π) =
2~ω
c2
=
4π~
cλ
, (3)
Figure 1: Wave vectors of two photons in a general case (a)
and in the cases of collinear propagation (b), and counter-
directed orientation (c).
where λ is the photon wavelength. Numerically, the max-
imal mass of two photons is rather small. E.g., at λ = 1µ
Equation (3) gives mmax ∼ 4 × 10−33g, which is about
5-6 orders of magnitude smaller than the electron mass
∼ 10−27g. However in a system of N photon pairs with
the same wave vectors ~k1 and ~k2, the mass of the group
becomesN times larger and can become comparable with
or even larger than the electron mass.
Existence of a nonzero mass means immediately that
the system under consideration moves as a whole with a
speed v smaller than the speed of light c. In a general
case of any group of particles its mean velocity of motion
is given by:
v =
c2ptot
εtot
= c
(
1− m
2
ε2tot
)1/2
. (4)
Evidently, if m 6= 0 the mean propagation speed of a
group of particles is smaller than the speed of light, v < c.
For two-photon states, decreasing of the mean velocity
owing to noncollinearity of photon propagation was seen
experimentally [3].
For any object with m 6= 0 and v < c there is a frame
where its mean velocity turns zero, i.e. the rest frame
2(r.f.). Of course, for groups of particles in the rest frame
particles can move but only in such a way that the vec-
torial sums of their velocities and momenta compensate
each other and give zeros in the sums, i.e.
~p r.f.tot = 0, v
r.f. = 0. (5)
This clarifies the physical meaning of the Lorentz-
invariant mass of a group of particles: multiplied by c2,
the mass m coincides with the total energy of a group in
its rest frame
m =
εr.f.tot
c2
. (6)
An example of the rest frame for a pair of photons is that
shown in Figure 1c.
As classical light fields consist of photons, the defini-
tion of the Lorentz-invariant mass is applicable also to
light pulses considered as relativistic objects [4, 5]. In
this work we will consider manifolds of photons produced
in nonlinear birefringent crystals under the action of a
classical pump in the process of Spontaneous Parametric
Down-Conversion (SPDC). As known, such photons can
be entangled. The key question to be addressed below
is whether there is any connection between the Lorentz-
invariant mass of SPDC photons and the degree of their
entanglement.
As for the pump, its Lorentz-invariant mass has to be
found too, at least as the benchmark for comparison with
that of SPDC photons. For the pump we can use the
result of our previous work [5]: in Equation (3) of Ref.
[5] the mean propagation speed of a diverging Gaussian
pulse was found to be given by
v = c
(
1− λ
2
p
8π2w2p
)
, (7)
where wp is the pump waist. By comparing this result
with that of Equation (4) at m≪ εtot we find the pump-
pulse Lorentz-invariant mass
mp tot = εtot
λp
2πc2wp
. (8)
By assuming that εtot = N~ωpwhere N is the number of
photons in the pump pulse, we can find from Equation
(8) the Lorentz-invariant mass per one photon
mp =
~
cwp
. (9)
Qualitatively this result can be obtained from Equa-
tion (2) with the angle θ taken equal to the diffraction-
divergence angle of the pump θ = λp/wp ≪ 1. As
wp ≫ λp, the Lorentz-invariant mass of the pump per
one photon is much smaller that the Lorentz-invariant
mass of two counter-propagating photons (3).
2. SPDC
Let us consider a rather simple case of the collinear
frequency-degenerate regime of SPDC with the type-I
phase matching. This means that the pump propagates
in a nonlinear crystal as extraordinary and both emitted
photons as ordinary waves. If the pump is vertically po-
larized, both emitted photons have the same horizontal
polarization. Frequencies of the pump and of both emit-
ted photons are assumed to be equal, correspondingly, to
ωp and ωp/2. Let 0z be the central pump-propagation
direction, and distribution of the pump in the trans-
verse directions (⊥ 0z) be Gaussian with the width wp:
Ep ∝ exp(−~r 2⊥p/2w2p). The momentum-representation
wave function of emitted photons depends on the trans-
verse momenta of emitted photon ~k⊥1 and ~k⊥2 and is
known [6] to be given by
Ψ(~k⊥1, ~k⊥2) = N exp
[
−
(
~k⊥1 + ~k⊥2
)2
w 2p
2
]
×
sinc
[
Lλp
8πno
(
~k⊥1 − ~k⊥2
)2]
, (10)
where sinc = sin xx , L is the length of a crystal (along the
z-axis), no is the refractive index of the ordinary wave in
the crystal, N is the normalization factor.
It should be noted that, in principle, anisotropy of the
refractive index of the extraordinary pump wave, np, can
give rise to the additional term in the argument of the
sinc-function, fanisotr(~k⊥1, ~k⊥1) = Ln
′
p(k1 x + k2 x)/4π,
where n′p is the derivative of the refractive index np over
the angle ϑ between the pump wave vector kp and the
optical axis of a crystal OA, with OA assumed to be
located in the (x, z)-plane. If fanisotr is not small (com-
pared to 1), it plays a very important role by provid-
ing anomalously high degree of angular entanglement of
SPDC photons [7],[8]. But in this work we assume that
the term fanisotr is small and can be ignored. Specif-
ically, the condition justifying this assumption has the
form L|n′p| ≪ wp, where typically |n′p| ∼ 0.1. In the
opposite case of strongly pronounced anisotropy, entan-
glement of SPDC photons was investigated in the works
[7, 8], and the arising in this case peculiarities of deriva-
tion of the Lorentz-invariant mass will be considered else-
where separately.
The wave function (10) can be used for finding
mean values of the biphoton momentum ~ 〈~k1 + ~k2〉
and, finally, the Lorentz-invariant mass mbiph. Because
of the axial symmetry of the expression (10), mean
transversal components of wave vectors are equal zero,
〈~k⊥ 1 + ~k⊥ 2〉 = 0, whereas for the mean sum of longitu-
3dinal momenta in the paraxial approximation we get
〈kz 1 + kz 2〉 =
ωp
c
− c
2ωp
[
〈(~k⊥ 1 + ~k⊥ 2)2〉+ 〈(~k⊥ 1 − ~k⊥ 2)2〉
]
=
ωp
c
− c
2ωp
[〈~q 2+ 〉+ 〈~q 2− 〉] , (11)
where ~q± = ~k⊥ 1 ± ~k⊥ 2.
In terms of two 2D vectors ~q+ and ~q− averagings are
understood as 〈...〉 = 14
∫
d~q+d~q−|Ψ|2(...), with 14 be-
ing the transition Jacobian from variables ~k⊥ 1, ~k⊥ 2 to
q+, q−, and with the squared wave function (10) taking
the form
|Ψ|2 = N2 exp (−~q 2+w 2p ) sinc2
[
Lλp
8πno
~q 2−
]
. (12)
In this expression terms depending on ~q+ and ~q− are
factorized, which is very convenient for averagings.
The first step of calculations consists in finding the
normalization factor from the condition
1
4
∫
d~q+
∫
d~q−|Ψ|2 = 1. (13)
Both integrals over ~q+ and ~q− in (12) are easily cal-
culated separately to give, correspondingly, π/w2p and
8pi2no
Lλp
∫∞
0 dx sinc
2(x) with the last integral over x equal
to π/2. Combined together, these results give finally
N =
wp
π2
√
Lλp
no
. (14)
The next steps are finding 〈~q 2+ 〉 and 〈~q 2− 〉 in Equation
(11). The first of these two quantities is determined by
the integral of the exponential function in Equation (12)
giving
〈~q 2+ 〉 =
1
w2p
. (15)
As for the second term, 〈~q 2− 〉, it can be reduced in a
similar way to the following integral form
〈~q 2− 〉 =
8πno
Lλp
∫ ∞
0
x sinc2(x) dx, (16)
where x is the integration variable equal to the argument
of the sinc-function in Equation (12). In principle, for-
mally, the remaining integral in Equation (16) diverges
logarithmically at x → ∞. But this divergence is re-
lated to the used above paraxial approximation. In fact,
this approximation is valid only as long as |k⊥ 1, 2| ≪ ωp2c ,
|q−| ≪ ωpc , and x ≪ xmax =
Lλp
8pino
(
ωp
c )
2. For this rea-
son, the integral in Equation (16) can be estimated as∫ xmax
1
sin2 x dx/x = 12 ln(xmax) to give
〈~q 2− 〉 =
4πno
Lλp
ln
(
πL
2noλp
)
. (17)
Altogether Equations (11), (15) and (17) give the follow-
ing expression for the mean momentum of biphoton pairs
(multiplied by the speed of light c)
〈c(pz 1 + pz 2)〉 = ~ωp − c δp, (18)
where
δp =
~ c
2ωp
[
1
w2p
+
4πno
Lλp
ln
(
πL
2noλp
)]
. (19)
As always λp ≪ {wp, L}, in any case cδp ≪ ~ωp and,
as ε 2biph ≡ (~ωp) 2, the difference ε 2biph − 〈c(pz 1 + pz 2)〉 2
equals approximately 2~ωpc δp. In this approximation
the biphoton Lorentz-invariant mass per one pair of
SPDC photons takes the form
mbiph =
~
c
[
1
w2p
+
4πno
Lλp
ln
(
πL
2noλp
)]1/2
. (20)
3. ENTANGLEMENT
Transverse momenta of SPDC photons ~k⊥1 and ~k⊥2
are 2D continuous variables. As known [9], the degree
of entanglement in such variables can be evaluated by
the Schmidt entanglement parameter K defined as the
inverse trace of the squared reduced density matrix. Cal-
culation of this parameter is rather simple and straight-
forward for the so called double-Gaussian wave functions,
having the form of a product of two Gaussian functions,
one of which depends on the sum of variables and the
other one - on their difference. For non-double-Gaussian
wave functions functions calculation of the parameter K
is a problem, and even more difficult problem is its direct
experimental measurement.
Another and much easier measurable entanglement pa-
rameter R was suggested for the first time in the work
[10]. This parameter is defined mathematically as the
ratio of widths of the unconditional to conditional prob-
ability densities depending on the variable of one of two
particles (e.g., photons). Defined in this way the param-
eter R was found to coincide exactly with the Schmidt
parameterK [11], and in other cases to be on the order of
K [12]. In experiment one has to split the original beam
of biphotons for two channels and perform two kinds of
measurements. At first, photons can by counted by a
single scanning detector in only one of two channels to
plot the single-particle distribution and to find its single-
particle width. In the second series of measurements one
has to use two detectors located in different channels, one
of them scanning and another one kept at a constant po-
sition, and only coinciding signals have to be registered at
the computer. In this way one gets the coincidence (or
conditional) distribution and measures its width. The
ratio of found widths is the parameter R.
It’s known also that if the wave function has the form
of a product of two terms, one of which depends on
4the sum and the other one - on the difference of vari-
ables and if the widths of these distributions are a and b,
then the coincidence and single-particle widths are, cor-
respondingly, min{a, b} and max{a, } and, consequently,
R = max{a, b}/min{a, b}. Applied to the wave function
of the form (10) and variables k1,x, k2,x, these definitions
give a = 1/wp, b = 2π
√
no/Lλp and
K ∼ R = ∆k
(s)
1,x
∆k
(c)
1,x
∼
max
{
1/wp , 2π
√
no/Lλp
}
min
{
1/wp , 2π
√
no/Lλp
} . (21)
This derivation and the derived expression confirm the
known result [7, 8] that the degree of entanglement is high
either if wp ≪
√
Lλp or if wp ≫
√
Lλp. In the second
of these two limiting cases the crystal is assumed to be
short compared to the diffraction length of the pump,
L≪ w2p/λp ≡ Ld. Under this condition
K ∼ Rshort L ∼ 2πwp
√
no√
Lλp
≫ 1. (22)
With this expression for the entanglement parameters K
and R, the derived above formula (20) for the Lorentz-
invariant mass of biphoton pairs can be rewritten as
mbiph =
~
cwp
[
1 +
K2
π
ln
(
πL
2noλp
)]1/2
≈ ~K
2cwp
√
1
π
ln
(
πL
2noλp
)
≫ ~
2cwp
. (23)
This result shows that in the case L≪ w2p/λp ≡ Ld both
the Lorentz-invariant mass of the biphoton state (10) and
its degree of entanglement are high and they are related
to each other: the Lorentz-invariant mass is proportional
to the Schmidt entanglement parameter K.
It’s true, however, that this connection is not universal.
In the case of very strong focusing of the pump L≫ Ld =
w2p/λp, opposite to that considered above, the degree of
entanglement is high too, K ∼
√
L/Ld ≫ 1, but the
Lorentz-invariant mass (20) appears to be independent
of the degree of entanglement and determined only by
the inverse waist of the pump, mbiph = ~/cwp.
4. CONCLUSION
The main result of the presented analysis concerns
demonstration that there are conditions when biphotons
states are highly entangled and this high entanglement is
directly related to the relatively high Lorentz-invariant
mass, mbiph ∝ K ≫ 1 (23). We believe that this is
a fundamentally important new knowledge. Though we
realize that it may be difficult to imagine any ways of
measuring the Lorentz-invariant mass of biphotons di-
rectly and independently of measuring coincidence and
single-particle widths of momentum-distributions, find-
ing the entanglement parameter R ∼ K and then using
if for finding mbiph from Equation (23).
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